粘菌方程式の数理 : 変分構造と力学系 (関数方程式の方法とその応用) by 鈴木, 貴
Title粘菌方程式の数理 : 変分構造と力学系 (関数方程式の方法とその応用)
Author(s)鈴木, 貴




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University




$\mathrm{v}.\mathrm{s}$ . $\mathrm{v}.\mathrm{s}$ . $\mathrm{v}.\mathrm{s}$.




$-\Delta u=f$ in $\Omega$ , $u=0$ on $\partial\Omega$ (1)
Laplace
$-\Delta u=0$ in $\Omega$ , $u=g$ on $\partial\Omega$ (2)
Sobolev $X=H_{0}^{1}(\Omega)$
$J(v)= \frac{1}{2}\int_{\Omega}|\nabla v|^{2}-\int_{\Omega}vf$
mline $X=$ {$v\in H^{1}(\Omega)|v=g$ on $\partial\Omega$ }
$J(v)= \int_{\Omega}|\nabla v|^{2}$
Poisson





$-\Delta u0$ in $\Omega$ , $ug$ on $\partial\Omega$ (3)





















$-\nabla\cdot(|\nabla u|p-2\nabla u)=0$ in $\Omega$ , $u=g$ on $\partial\Omega$ (4)
$u\in W^{1,p}(\Omega)$ –
$p=2$ (2) $u(x)$ $C^{1,\alpha}$







$\int_{\Omega}u\cdot(-\Delta\phi)=\int_{\Omega}u\cdot\phi$ for all $\phi\in D(\Omega)$
$u\in H_{\mathrm{O}}^{1}(\Omega)$












































$u_{t}=\nabla\cdot(\nabla u-u\nabla\emptyset(v))$ in $\Omega\cross(0, T)$
$\tau v_{t}=\Delta v-av+u$ in $\Omega\cross(0, T)$
(5)
$\frac{\partial \mathrm{u}}{\partial\nu}=\frac{\partial v}{\partial\nu}=0$ on $\partial\Omega\cross(0, T)$
$u|_{t=0^{=v}\mathrm{o}(}X)$ , $v|_{t=0^{=}}v\mathrm{O}(X)$ in $\Omega$
1 $\Omega\subset \mathcal{R}^{2}$ $\partial\Omega$
$\nu$ $u=u(X, t)$ $x\in\Omega_{\text{ }}$
$t\in(\mathrm{O}, T)$ $v=v(X, t)$
(5) $v\ovalbox{\tt\small REJECT}arrow\phi(v)$


































$\int_{\Omega}uv_{t}$ $=$ $\int_{\Omega}(\tau v_{t}-\Delta v+av)vt$
$=$ $\tau\int_{\Omega}v_{t}^{2}+\frac{1}{2}\frac{d}{dt}\int_{\Omega}(|\nabla v|^{2}+av^{2})$





$\log u-v=\log\sigma$ (5) 2
$-\Delta v+av=\sigma e^{v}$ in $\Omega$
(6) $\lambda=||u||_{1}$ $u=\sigma e^{v}$ $\sigma=\lambda/\int_{\Omega}e^{v}$
$\lambda$
$- \Delta v+av=\lambda e^{v}/\int_{\Omega}e^{v}$ in $\Omega$, $\frac{\partial v}{\partial\nu}=0$ on $\partial\Omega$ (8)
(8) $v=\lambda/a|\Omega|$






J\"ager-Luckhaus $[10]_{\text{ }}$ Nagai $[14]_{\text{ }}$ Herrero-Vel\’azquez [7] [8] [9]
$\mathrm{N}\mathrm{a}\mathrm{g}\mathrm{a}\mathfrak{l}\mathrm{i}$-Senba-Yoehida[16]
1. $\Omega$ : $u_{0=}u_{\mathrm{O}}$ ( ) $v_{0}=v_{\mathrm{O}}$ ( ) $||u_{\mathrm{O}}|11<8\pi$
$T_{\max}=+\infty$
2. $||v_{0}||_{1}<4\pi$ $T_{\max}=+\infty$
1 sharp 2 Childr\’es-Percus
$\mathrm{N}\mathrm{a}\mathrm{g}\mathrm{a}\mathrm{i}-\mathrm{S}\mathrm{e}\mathrm{n}\mathrm{b}\mathrm{a}-\mathrm{s}\mathrm{u}\mathrm{z}\mathrm{u}\mathrm{k}\mathrm{i}[15]$
1. $4\pi\leq||u_{\mathrm{O}}||_{1}<8\pi$ $T_{\max}<+\infty$ 1






rigidness Herrero Vel\’azquez 2









$–$ $p= \lambda e^{v}/\int_{\Omega}e^{v}$
$-\Delta_{N}$
1 $V(x)$ $\lambda>0$ (8) $A_{\lambda}(V)$
$(U, V)$ $U= \lambda e^{V}/\int_{\Omega}e^{V}$
$(v_{0}, v_{\mathrm{o}})$





2 $a>0$ $\{v_{\lambda}\}$ (8)





2. $\Omega$ : $\lambda_{1}=|\Omega|(a+\mu_{2}^{*})<4\pi$ $\lambda\in(\lambda_{1},4\pi)$
$J_{\lambda}(v)$ global minimizer
3. $\Omega$ : $\lambda_{1}>4\pi$ $\lambda\in(4\pi, \lambda_{1})\backslash 4\pi N$ $J_{\lambda}(v)$
mountain pass
\Delta N 2 Poly\’a-Szeg\"o
$|\Omega|\mu_{2}^{*}\leq\ell^{2}\pi_{\text{ }}\ell=1.841\ldots$ $0<a<<1$ $\lambda_{1}<4\pi$







(8) 2 Euler vortex points (prop-
agation of chaos) $\mathrm{C}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{n}- \mathrm{s}\mathrm{i}\mathrm{m}\mathrm{o}\mathrm{n}\mathrm{S}$-Higgs \mbox{\boldmath $\sigma$}
(multi-vortices ) ([3], [12], [23])
$\Omega\subset \mathcal{R}^{2}$
$- \Delta v=\lambda e^{v}/\int_{\Omega}e^{v}$ in $\Omega$, $v=0$ on $.\partial\Omega$ (9)
flat torus $\Omega=\mathcal{R}/aZ\cross b\mathcal{Z}$











$K(x_{1}, \cdots,X_{N})=1^{\cdot}\leq i\neq\sum_{\leq jN}.G(x_{i,j}x)+\sum^{N}Rj=1(_{X_{j}})$
$N$ $(x_{1}, \cdots,x_{N})\in\Omega^{N}$
$\Omega\subset \mathcal{R}^{2}$ $G(x, y)$ \Delta D Groen










$\mu_{N}=\mu^{\alpha,\tilde{\beta}}’ N(dx_{1}, \cdots, dXN)$
$\rho_{j}^{N}(x_{1}, \cdots, x_{N})=\int dx_{j1}+\cdots dXN\mu^{N}(x_{1}, \cdots,x_{N})$ (11)
$\frac{1}{N}\sum_{j=1}^{N}\delta_{x_{\mathrm{j}}}(d_{X)}$
– vorticity Proffle $\rho$ large probability
$\rho_{j}^{N}arrow\rho^{\otimes \mathrm{j}}$ (weakly) (12)
$\mathrm{p}\mathrm{r}\mathrm{o}_{\mathrm{P}^{\mathrm{a}}}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of chaos
$\rho(x)$






$V_{\rho}(x)-- \int_{\Omega}G(x, y)\rho(y)dy$, $Z= \lim_{Narrow\infty}\frac{Z(N)}{Z(N-1)}$
$\beta=-\lambda$ (13) (9)
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$\rho\geq 0,$ $\int_{\Omega}\rho=1$ $\rho\in L^{\infty}(\Omega)$
neutral vortex gas negative temperature state
([6]) –





1. $Z(N)<+\infty$ $\beta>-8\pi$ (5)
Moser-Onofri ([13],









$0<\lambda<8\pi,$ $\Omega$ : –
$\mathrm{P}^{\mathrm{r}\mathrm{o}}\mathrm{P}^{\mathrm{a}\mathrm{g}\mathrm{a}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of chaos -
(5) Lyapunov (8)
3.2
anyon model condensate (multi-vortex)
metric tensor diag$(1, -1, -1)$ $(2+1)$-Minkowski $R^{2,1}$
Lagrangean (Higgs) Yang-Mills (Maxwell)
Chern-Simons if–“j coupling Chern-Simons
charge multi-vortices (anyon)
Euler-Lagrange Yang-Mills
(reduced Abelian $\mathrm{c}\mathrm{h}\mathrm{e}\Gamma \mathrm{n}- \mathrm{s}\mathrm{i}\mathrm{m}\mathrm{o}\mathrm{n}\mathrm{S}^{-\mathrm{H}\mathrm{i}\mathrm{g}\mathrm{g}}\mathrm{s}$ ) condensate
large distanc\’e low energi\’e




ground state symmetric vacuume
electric charge magnetic charge
topological solution non-topological solution fractal
Spruck, Yang, Wang, Jackiw, Lee, Weinberg
o ’ $\mathrm{t}\mathrm{H}_{\mathrm{o}\mathrm{O}}\mathrm{f}\mathrm{t}([26])$
Higgs Chern-Simons coupling $k>0$
multi-vortex Caffarelli Yang
[23] mountain pass tyPe 2
$k\downarrow \mathrm{O}$ (10)
(10) 2
multi-vortex ( ) [23]
(9) [22] (– )
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\mbox{\boldmath $\sigma$}--‘J‘* $A$ $R^{2,1}\mathrm{x}U(1)$
$A=-\iota A_{\eta}dx^{\eta}$ , $A_{\eta}=A_{\eta}(x)\in \mathcal{R}$, $x=(x_{\mathit{0}}, x_{1,2}X)$ $\eta=0,1,2$
$D_{A}=d-\iota A$ Yang-Mills
$F_{A}= \frac{-l}{2}F_{\alpha,\beta}dx^{a}\wedge dx^{\beta}$
$F_{\alpha\beta}=\partial_{\alpha}A\rho-\partial\rho A_{\alpha}$ , $\alpha,$ $\beta=0,1,2$
- Higgs $\mathcal{R}^{2,1}\mathrm{x}$ . $C$
section $\emptyset$
$D_{A}\phi=D_{\eta}\phi dx\eta$ $D_{\eta}\phi=\partial\emptyset\eta-lA_{\eta}\phi$ $\eta=0,1,2$
$\mathrm{C}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{n}-\mathrm{s}\mathrm{i}\mathrm{m}\mathrm{o}\mathrm{n}\mathrm{S}$-Higgs Lagrangean
$\mathcal{L}(A, \phi)=(D\eta\phi)D\ulcorner\eta\emptyset)+\frac{k}{4}\epsilon^{\alpha}F\beta\gamma A\alpha\rho\gamma-V(|\phi|)$
$V=V(|\phi|)$ $U(1)$ Higgs $k>0$
Chern-Simons coupling Levi-Civita $\epsilon^{\alpha\beta\gamma},$ $\alpha,\beta,$ $\gamma=$
$0,1,2$ $\epsilon^{012}=1$ $\mathcal{L}$ Euler-Lagrange
$\frac{\mathrm{i}}{2}k\epsilon^{\alpha\beta\gamma}F\rho\gamma$ $=$ $\iota(\phi\overline{D^{\alpha}\phi}-\overline{\phi}D^{\alpha}\emptyset)$




$\mathcal{E}(A, \phi)$ $=$ $|D_{1}\phi|^{2}+|D_{2}\phi|^{2}$
.
$+ \frac{k^{2}}{4}\frac{F_{12}^{2}}{|\phi|^{2}}+\frac{1}{k^{2}}|\emptyset|^{2}(1-|\emptyset|^{2})^{2}$
$a^{j}\in \mathcal{R}^{2},$ $j=1,2$ basic cell
$\Omega=\{x=s_{1}a^{1}+s_{2}a^{2}|_{S_{1}}, S_{2}\in \mathcal{R}/Z\}$
\mbox{\boldmath $\sigma$}‘--‘$\sqrt$“‘
$\phi\mapsto e^{t\omega(x)}\phi$ , $A_{\mathrm{O}}\vdasharrow A\mathrm{o}$ , $A_{j}\mapsto A_{j}+\partial_{j}\omega;j=1,2$
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’tHooft
$e^{\iota\xi_{k}(a^{k})}x+\emptyset(x+a^{k})$ $=$ $e^{\iota\xi k(x})\emptyset(X)$
$A_{0}(x+a^{k})$ $=$ $A_{0}(x)$
$(A_{j}+\partial_{j}\xi k)(x+a^{k})$ $=$ $(A_{j}+\partial_{j}\xi_{k})(x)$ (14)
$j=1,2,$ $x\in\Gamma 1_{\cup\Gamma}2\backslash \Gamma^{k},$ $k=1,2$,
$\Gamma^{j}=\{x=sja^{j}|_{S}j\in \mathcal{R}/\mathcal{Z}\}$
$\phi$ – (14) $N$
$\xi_{1}(1,1_{-})$ $-$ $\xi_{(}1,$ $\mathrm{o}_{+})+\xi 1(0,0+)-\xi 1(0,1-)+\xi 2(\mathrm{o}_{+}, 1)$
- $\xi_{2}(1_{-,1)}+\xi_{2}(1_{-}, 0)-\xi 2(0_{+}, \mathrm{o})+2\pi N=0$
magnetic flux electric charge
$\int_{\Omega}F_{12}$ $=$ $\int_{\partial\Omega}A_{j}dx^{j}=2\pi N$
$\int_{\Omega}kF_{12}$ $=$ $2\pi kN$
$\xi_{k}(s_{1}, S_{2})=\xi k(s_{1}a^{1}+s_{2}a^{2})$ Q
$\epsilon_{jk}=-\epsilon_{kj},$ $k=1,2,$ $\epsilon^{12}=1$ )
$\mathcal{E}(A, \phi)$ $=$ $\frac{1}{4}[^{\frac{k}{|\phi|}F_{12}+\frac{2}{k}|}\phi|(|\psi|^{2}-1)]|D1\emptyset+lD22\phi|^{2}$
$+F_{12}+{\rm Im}\{\partial_{j}\epsilon_{jk}\overline{\phi}Dk\phi\}$
$\int_{\Omega}\partial_{\mathrm{j}}\epsilon_{jk\overline{\phi}k}D\emptyset=0$





$E$ $(A, \phi)$ self-dual
$D_{1}\phi+\iota D_{2}\phi$ $=$ $0$
$F_{12}+ \frac{2}{k^{2}}|\emptyset|^{2}(|\phi|^{2}-1)$ $=$ $0$
$kF_{12}+2A_{\mathrm{O}}|\phi|^{2}$ $=$ $0$ (15)
1 (15) 2




- $Z(\phi)=\{p_{1}, \cdots,p_{N}\}$ $\phi$ $z=$




$A_{1}$ $=$ $-{\rm Re}(2\iota\overline{\partial}\log\psi)$
$A_{2}$ $=$ $-{\rm Im}(2_{l}\overline{\partial}\log\phi)$ (18)
(17) (15) 3
$A_{0}=- \frac{kF_{12}}{2|\phi|^{2}}=-\frac{k}{2|\phi|^{2}}$ ($\partial 1$A2-&Al)
(18) $\Omega\backslash Z(\phi)$ $F_{12}=- \frac{1}{2}\Delta u$ (15) 2
$\Delta u=\frac{4}{k^{2}}e^{u}(e^{u}-1)$ in $\Omega\backslash Z(\emptyset)$
- $n_{k}$ $Pk$
$u(z)=n_{k}\log|z-p_{k}|^{2}$ as $zarrow p_{k}$
flat torous $\Omega$





$v\mathfrak{v}\in W^{1,q}(\Omega),$ $(1<q<2)$ $\lambda=4/(k^{2}),$ $u=v\mathrm{o}+v$
$\Delta v=\lambda e^{u+v}\mathrm{o}(e-u_{0}+v1)+_{\frac{4\pi N}{|\Omega|}}$ $v\in H^{1}(\Omega)$ (20)
(20)
51. $\lambda_{\mathrm{c}}>16\pi N/|\Omega|$
$(a)\lambda>\lambda_{\mathrm{c}}$ $v_{\lambda}^{1}<v_{\lambda}^{2}<-u\mathrm{o}$ $v_{\lambda}^{1},$ $v_{\lambda}^{2}$





$(b)N=1$ 2 $v_{\lambda}^{1}$ $v_{\lambda}^{1}=w_{\lambda}+c_{\lambda},$ $c_{\lambda}\in \mathcal{R},$ $\int_{\Omega}w=0$
$H^{1}(\Omega)$ $\lambdaarrow+\infty$
$- \Delta w_{0=}4\pi(\frac{e^{u\mathrm{o}+w_{\mathrm{O}}}}{\int_{\Omega}e^{u\mathrm{o}+w\mathrm{o}}}-\frac{1}{|\Omega|})$ $\int_{\Omega}w_{0=}\mathrm{o}$ (21)
$w_{\mathrm{O}}$
$u_{\mathrm{O}}=0$ (21) $\lambda=4\pi$ (10)
(20) (21) $v=w+c,$ $\int_{\Omega}w=0$,
$c\in \mathcal{R}$
$\Delta w=\lambda e^{c}(e^{c}\cdot e-1)u\mathrm{o}+w\mathrm{o}+w\frac{4\pi N}{|\Omega|}e^{u}+$ , $\int_{\Omega}w=0$ (22)
$0=e^{2c}$ $\int_{\Omega}e^{2()}-u_{0}+we^{\mathrm{c}}\int omegae^{u}\mathrm{o}+w+4\pi N/\lambda$
$e^{c}= \frac{\int_{\Omega}e^{u_{0}+w}\pm\sqrt(\int\Omega e^{u_{0}+w})2-\frac{16\pi N}{\lambda}\int\Omega e2(u\mathrm{o}+w)}{2\int_{\Omega}e^{2()}u_{\mathrm{Q}}+w}$






$- \Delta_{\mathfrak{W}}=4\pi(\frac{Ne^{u+w_{0}}\circ}{\int_{\Omega}e^{\mathrm{u}_{\mathrm{O}}}+w_{\mathrm{o}}}-\frac{1}{|\Omega|})$ , $\int_{\Omega}w_{\mathrm{o}}=0$
– super-sub solution
Ambrosetti-Prodi 2
mountain pass lemma o $\lambdaarrow+\infty$
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